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Abstract  

 

In this work, a chronological presentation of the main 

results and applications of the different investigations that 

analyze the problem of the change point in the hazard 

function of survival models is made, these include the 

constant hazard function by parts and Cox-type regression 

models with change points. 
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Resumen 

 

En este trabajo se hace una presentación de manera 

cronológica de los principales resultados y aplicaciones de 

las diferentes investigaciones que analizan el problema del 

punto de cambio en la función de riesgo de modelos de 

supervivencia, estos incluyen a la función de riesgo 

constante por partes y modelos de regresión tipo Cox con 

puntos de cambio.  
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Introduction 

 

The problem of testing and estimating the 

change points has attracted much attention in the 

literature, one of the most studied models in the 

change point problem is the normal model 

(univariate or multivariate), this is because the 

normal model is the most common model in 

practice. However, the change point problem has 

also been studied in models: exponential, 

gamma, regression, and survival, to name a few. 

In Survival Analysis, the simplest model is the 

constant hazard function, which corresponds to 

the exponential distribution and has been widely 

studied, however, in most applications this 

model is not the most appropriate, so it is use 

other distributions such as Weibull, log-normal, 

log-logistic, Gamma, Generalized Gamma, etc. 

for better settings. Another alternative to have 

better adjustments was to introduce a change 

point to the hazard function. The first hazard 

function that was studied with a change point 

was the constant hazard function, that is, the 

hazard is equal to a constant until a certain 

unknown moment from which the hazard is 

equal to another constant. This model is different 

from the one studied by (Hinkley, 1970) who 

considered a change point in a sequence of 

random variables. 

 

Next, different studies of change points in 

the hazard function of survival models are 

presented, in some cases the original notation is 

changed to have homogeneity of notation. This 

work is organized as follows, in section 2 

survival models with a constant hazard function 

by parts are presented, in section 3 some models 

with a non-constant hazard function with change 

points are shown and Cox-type regression 

models with change points are presented in 

section 4. Finally, section 5 presents the 

conclusions.  

 

Constant hazard function by parts 

 

One of the first studies that includes a change 

point in the hazard function of a survival model 

is that of (Matthews & Farewell, 1982) who 

studied the time-to-failure model with constant 

hazard function by parts with a change point, so 

the hazard function is given by 

 

ℎ(𝑡) = {
𝜆1, 𝑠𝑖 𝑡 ≤ 𝜏

𝜌𝜆1, 𝑠𝑖 𝜏 < 𝑡,
 

 

(function 𝜆(∙) of equation (1) of (Matthews & 

Farewell, 1982)) and the parameters 𝜆1 > 0, 𝜌 >
0 and 𝜏 > 0 have to be estimated. The parameter 

𝜏 is called the change point. Since the asymptotic 

likelihood standard inference cannot be applied, 

they cited a numerical method to calculate 

maximum likelihood estimators, they simulated 

the distribution of the likelihood ratio statistic 

for the null hypothesis of the hypothesis set  

 

𝐻0: 𝜌 = 1 & 𝜏 = 0 vs 𝐻1: 𝜌 ≠ 1 & 𝜏 > 0, 

 

and they applied this model to data from patients 

with acute non-lymphoblastic leukemia. As a 

result, they obtained that, for uncensored time 

samples, certain percentiles of the simulated null 

distribution of the likelihood ratio statistic, 2Λ̂0, 

are close to the percentiles of the distribution 

𝜒(2)
2 , which would be the distribution asymptotic 

of 2Λ0 if the asymptotic likelihood ratio theory 

could be applied. Also, they found that the 

procedures for uncensored data can be applied to 

censored data. 

 

Later, (Nguyen, Rogers & Walker, 1984) 

also studied the survival model with a constant 

hazard function by parts with a change point 

expressing the hazard function as 

 

ℎ(𝑡) = 𝑎𝐼(0 ≤ 𝑡 ≤ 𝜏) + 𝑏𝐼(𝜏 < 𝑡),                (1)   

 

where 𝐼(𝐴) is the indicator function of the set 𝐴. 

In this case the parameters 𝑎 > 0, 𝑏 > 0 and 𝜏 >
0 have to be estimated, the latter being the 

change point parameter. They considered the 

density function as a combination of two 

exponential densities (one truncated to the right 

in τ and the other lagged in τ) with unknown 

weights that depend on the parameters to be 

estimated and showed that the log likelihood 

function, 𝑙(∙), is unbounded when 𝑏 = 1/(t𝑛 −
𝜏) and 𝜏 is close to t𝑛, where t𝑛 is the longest 

observed lifetime and 𝑛 is the sample size, and if 

𝑎 > 𝑏, 𝑙(∙) is bounded. Furthermore, for 𝜏 

known (Nguyen, Rogers & Walker, 1984) 

calculated the maximum likelihood estimators of 

the reciprocals of 𝑎 and 𝑏, denoted by 𝐴𝑛(𝜏) and 

𝐵𝑛(𝜏), respectively, which depend of 𝜏. It can be 

verified that these expressions are recursive in 

terms of 𝑛. While for unknown 𝜏, they obtained 

a strongly consistent estimator of 𝜏, 𝜏̂𝑛, 

examining a stochastic process with which 

𝐴𝑛(𝜏̂𝑛) → 1/𝑎 and 𝐵𝑛(𝜏̂𝑛) → 1/𝑏 both with 

probability 1. Finally, they showed the behavior 

of the estimators via simulation.  
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Matthews & Farewell (1985) eliminated 

the singularity identified by (Nguyen, Rogers & 

Walker, 1984) in the 𝑙𝑜𝑔-likelihood function for 

the constant hazard rate model by parts with a 

change point (1) adequately defining the 

likelihood function as 

 

𝐿(𝑎, 𝑏, 𝜏) = [∏{𝑒−𝑎𝑡𝑖(𝑒𝑎𝜖 − 𝑒−𝑎𝜖)}

𝑛−1

𝑖=1

] 

 

× {𝑒−𝑎(𝑡𝑛−𝜖) − 𝑒−𝑎𝜏−𝑏(𝑡𝑛+𝜖−𝜏)},          (2) 

 

when 𝑡𝑛 − 𝜖 < 𝜏 < 𝑡𝑛 + 𝜖, 𝑡1 < ⋯ < 𝑡𝑛 are the 

order statistics of the random sample and 𝑛 > 1 

is any sample size. The Equation (2) is due to the 

fact that the product of the values of the 

probability density function in the observations 

must be considered as an approximation to the 

true probability, then the contribution to the 

likelihood corresponding to an observed value 𝑡𝑖 

is proportional to 𝐹(𝑡𝑖 + 𝜖) − 𝐹(𝑡𝑖 − 𝜖), i.e., the 

probability that the observation 𝑡𝑖 belongs to a 

small interval, that probability is finite for 𝑖 =
1, … 𝑛. 

 

Matthews, Farewell & Pyke (1985) 

studied the problem of testing a constant hazard 

rate against a constant hazard rate by parts that 

involves a single change point in which the 

hazard rate is reduced. They expressed the 

hazard function as 

 

ℎ(𝑡) = {
𝜆, 𝑠𝑖 0 ≤ 𝑡 < 𝜆

(1 − 𝜉)𝜆, 𝑠𝑖 𝜏 ≤ 𝑡,
            (3) 

 

(function 𝜆(∙) of equation (1) of (Matthews, 

Farewell & Pyke, 1985)) where 0 ≤ 𝜉 < 1, 𝜆 >
0 and 𝜏 ≥ 0. Thus, 𝜏 is a change point parameter 

for the hazard rate and the parameters to be 

estimated are 𝜆, 𝜉 and 𝜏. They showed that the 

asymptotic significance level for the hypothesis 

test  

 

𝐻0: 𝜉 = 0 vs 𝐻1: 𝜉 ≠ 0,                       (4) 

 

based on the maximum score statistics involves 

the solution to the problem of the first step time 

for an Ornstein-Uhlenbeck process, for this it is 

assumed that 𝜏 ∈ [𝜏𝑙 , 𝜏𝑢] with 𝜏𝑙 and 𝜏𝑢 known. 

Finally, they applied their results to data from 

non-Hodgkin lymphoma patients. 

 

 

 

Yao (1986) considered the model (1) and 

eliminated the problem of the unbounded 

logarithmic likelihood function by proposing the 

constraint 𝜏 ≤ 𝑡(𝑛−1) where 𝑡(𝑛−1) is the (𝑛 −

1)-th statistic of order of observed lifetimes. It 

was calculated the restricted maximum 

likelihood estimators for 𝜏, 𝑎 and 𝑏, denoted by 

𝜏̂, 𝑎̂ and 𝑏̂ respectively, showed that 𝜏̂ is 

consistent, derived the limit distributions of 𝜏̂, 𝑎̂  

and 𝑏̂ and showed that 𝜏̂, 𝑎̂ and 𝑏̂ are 

asymptotically independent. 

 

The model (3) was also studied by (Yao, 

1987), he proposed a test to contrast the null 

hypothesis of a constant hazard function against 

the alternative of a change point in the constant 

hazard function by parts (hypothesis set (4)). It 

was showed that this problem is related to a 

quality control problem (mentioned as Problem 

B), due to this relationship he proposed a 

statistical test for (4) that is based on a test with 

a Bayesian approach to Problem B. The main 

advantages of this test are its computational 

simplicity and the availability of the theory of 

the distribution of small and large samples. 

 

Worsley (1988) also studied the 

hypothesis set of constant hazard function 

against a change point in the constant hazard rate 

by parts at an unspecified time. The author stated 

the hazard function as follows 

 

ℎ(𝑡) = {
𝜆1, 𝑠𝑖 𝑡 ≤ 𝜏
𝜆2, 𝑠𝑖 𝜏 < 𝑡,

 

 

(function 𝜆(∙) of the first equation of (Worsley, 

1988)) where 𝜆1 > 0 and 𝜆2 > 0 are the hazard 

rates and 𝜏 > 0 is the change point. Since the 

likelihood ratio is unbounded, the author 

provided alternatives for eliminating the 

singularity (in which the change point is 

assumed to belong to an interval and in 

artificially censoring the largest observation) 

and he found the exact null distribution of a 

statistic of restricted likelihood ratio test. 

 

This distribution is not affected by type II 

censorship but strongly depends on the interval 

in which the change point is assumed to belong. 

He also compared exact percentage points with 

simulated percentage points reported in the 

literature. Finally, he applied his results to data 

from patients with acute non-lifoblastic 

leukemia that (Matthews & Farewell, 1982) had 

previously studied. 
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Chang, Chen & Hsiung (1994) considered 

hazard rate models with a change point that 

allows random censorship in which 

 

ℎ(𝑡) = 𝛽 + 𝜃𝐼(𝜏 ≤ 𝑡) 

 

(function 𝜆(∙) of equation (1.1) of (Chang, Chen 

& Hsiung, 1994)) where 𝛽 > 0, 𝛽 + 𝜃 > 0 and 

𝜏 > 0 is the parameter of change point. They 

proposed a change point estimator by examining 

a Nelson-Aalen type functional estimator in the 

context of counting processes and established 

the consistency and asymptotic distribution of 

the proposed estimator.  

 

Chen & Baron (2014) studied the model 

with a constant hazard function ℎ(𝑡) = 𝜆0 until 

an unknown time 𝜏, the change occurs in time 𝜏 

and ℎ(∙) changes to a new value 𝜆1 and it stays 

that way thereafter. Therefore, 

 

ℎ(𝑡) = 𝜆0𝐼(𝑡 ≤ 𝜏) + 𝜆1𝐼(𝜏 < 𝑡), 
 

(function 𝜆(∙) of equation (1) of (Chen & Baron, 

2014)) where 𝜆0, 𝜆1 > 0  and 𝜏 > 0  is the 

change point, the main parameter of interest. 

They proposed a new alternative estimation 

procedure based on the Kaplan-Meier estimation 

of the survival function followed by the least 

square estimation of the change point and 

established strong consistency of all estimators. 

The authors applied their methods to data from a 

clinical trial of the strong-drug treatment 

program.  

 

Goodman, Li & Tiwari (2011) studied the 

following survival model whose hazard function 

is constant in parts 

 

ℎ(𝑡) = {

𝛼1, 𝑠𝑖 0 ≤ 𝑡 ≤ 𝜏1,
𝛼2, 𝑠𝑖 𝜏1 < 𝑡 ≤ 𝜏2,

⋮
𝛼𝑘+1, 𝑠𝑖 𝜏𝑘 < 𝑡,

 

 

 

 

 

 

 

 

 

 

 

 

 

(function 𝜆(∙) of equation (1) of (Goodman, Li 

& Tiwari, 2011)) where 0 = 𝜏0 < 𝜏1 < ⋯ <
𝜏𝑘 < ∞ are the change points, 𝑘 the number of 

change points in the model and 𝛼𝑗 the value of 

the hazard function between the times 𝜏𝑗−1 and 

𝜏𝑗. They proposed a maximum likelihood 

estimate by profiles and based on the 

independence of the estimates of 𝛼𝑗  and 𝜏𝑗 that 

(Yao, 1986) showed, they proposed a Wald-type 

test statistic only for the parameters of the hazard 

rate (𝛼𝑗) while treating the parameters of the 

change point (𝜏𝑗) as fixed, that is, the set of 

hypotheses that test is  

 

𝐻0: 𝛼𝑘−1 − 𝛼𝑘 = 0 vs 𝐻1: 𝛼𝑘−1 − 𝛼𝑘 ≠ 0. 
 

In addition, they proposed a model 

selection algorithm that uses sequential tests for 

the constant hazard model by parts, this method 

is based on the data and allows estimating not 

only the number of change points in the hazard 

function, but also where they occur those 

changes and developed an alpha spending 

scheme such that the maximum number of 

change points, 𝑘, need not be prespecified. 

Finally, they conducted simulation studies that 

confirm the validity of the proposed test and 

applied their methods to test the change points in 

the hazard rates of prostate cancer patients. 

 

Majumder & Mitra (2019) proposed a test 

to detect trend changes in hazard functions. The 

testing problem is 𝐻0: constant failure rate vs 𝐻1: 
bathtub shaped failure rate. Test statistics based 

on a weighted integral approach are constructed 

using a measure of deviation from 

exponentiality. They exploit the theory of the L-

statistic to obtain the exact and asymptotic 

distributions of their statistics and establish the 

consistency of the test.  Finally, a simulation 

study and applications to real-life data sets are 

presented to illustrate their results. 

 

Non-constant hazard function with a change 

point 

 

In many applications, the hazard function is not 

constant before or after the change point, so a 

model is needed that encompasses other 

possibilities. Wu, Zhao & Wu (2003) extended 

the model with a constant hazard function with a 

change point and studied the model with a 

hazard function given by 
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ℎ(𝑡) = [𝛽 + 𝜃𝐼(𝑡 > 𝜏)]𝜆0 (𝑡; 𝛾),                    (5) 

 

(function 𝜆(∙) of equation (1.2) of (Wu, Zhao & 

Wu, 2003)) where λ0 (∙; γ) is a continuous 

baseline hazard function that depends on an 

unknown parameter vector  γ. The model (5) 

covers many important models commonly used 

in Survival Analysis, such as the models 

exponential (𝜆0 (𝑥; 𝛾) = 1), Weibull 

(𝜆0 (𝑥; 𝛾) = 𝑥𝛾), extreme (𝜆0 (𝑥; 𝛾) = 𝑒𝛾𝑥) and 

𝑙𝑜𝑔-logistics (𝜆0 (𝑥; 𝛾) = 𝑥𝛾1/(1 + 𝛾2𝑥𝛾1+1)). 

Considering a random sample with random 

censorship, the authors proposed a non-

parametric estimator of the change point in the 

context of counting processes. In addition, they 

showed that both the change point estimator and 

the other estimators are consistent. 

 

Brazzale, et al. (2019) studied the survival 

model with a decreasing hazard rate before the 

change point and a constant hazard rate after the 

change point given by 

 

ℎ(𝑡) = ℎ1(𝑡)𝐼(𝑡 < 𝜏) + 𝜆𝐼(𝑡 ≥ 𝜏), 
 

where 𝜆 > 0, 𝜏 ≥ 0 is the change point, ℎ1(⋅) is 

a continuous hazard function before the change 

point and the hazard function is also continuous 

at the change point, that is, ℎ1(𝜏) = 𝜆. They 

presented a new method for estimating the 

change point that is based on fitting a regression 

to the 𝑝 values of the hazard rate tests in small 

time intervals. In the end, they presented three 

examples of real data that describe the survival 

patterns of seriously ill patients, whose mortality 

rates persist beyond hospital discharge. 

 

Cox-type regression models with change 

points 

 

The proportional hazard or Cox model is used to 

study the relationship between survival time and 

covariates, which can be constant or time-

dependent, and can be studied using parametric 

and semi-parametric methods. The semi-

parametric proportional hazards model proposed 

by (Cox & Oakes,1984) has been widely adopted 

in clinical trials with time-to-event results to 

compare an experimental versus standard care 

treatment. A key assumption in the Cox model is 

that the hazard ratio function is a constant over 

time, which is often violated, as there will be a 

lag period before the experimental treatment 

reaches its full effect. For example, the Kaplan-

Meier estimates of survival curves in many 

oncology clinical trials with two treatment arms 

overlap at the start of the treatment period up to 

a certain time point and then begin to separate, 

indicating that the constant hazard ratio 

assumption may have been violated and there 

may be a change point in the hazard ratio 

function (He, Fang & Su, 2012). 

 

The semiparametric transformation 

models have been proposed as a broad class of 

regression models and includes the proportional 

hazards and proportional odds models as special 

cases. The other useful and flexible alternative is 

the Aalen’s additive risk model, which allows 

the influence of covariates on a hazard function 

to vary separately and nonparametrically 

through time. Although allowing greater 

flexibility than the proportional hazards model, 

the number of covariates that can be handled by 

Aalen’s model is quite limited. To reduce the 

number of functions needed to be estimated, 

McKeagues & Sasieni (1994) introduced a partly 

parametric version of Aalen’s model, called the 

partly Aalen’s additive hazards model, where the 

influence of some covariates varies 

nonparametrically over time and that of the 

remaining covariates is restricted to be constant 

in time (Shen, 2020). 

 

Other extensions of the Cox model have 

been investigated in the literature, for example, 

the two-step regression model studied by 

(Anderson & Senthilselvan, 1982) 

 

ℎ(𝑡, 𝑧) = {
𝜆0(𝑡) 𝑒𝑥𝑝(𝛼′𝑧) , 𝑠𝑖 𝑡 ≤ 𝐵

𝜆1(𝑡) 𝑒𝑥𝑝 (𝛾′𝑧) , 𝑠𝑖 𝐵 < 𝑡
 

 

(function 𝜆(⋅) of equation (3) of (Anderson & 

Senthilselvan, 1982)) where 𝜆0(⋅) and 𝜆1(⋅) are 

unknown functions, 𝑧 is a vector of covariates, 𝛼 

and 𝛾 refer to the dependence of the hazard 

function in 𝑧 to short and long term, respectively, 

and 𝐵 is a change point. Other extensions to the 

proportional hazard model that also include 

change points in the hazard function are 

presented below.  

 

Liang, Self & Liu (1990) considered the 

model  

 

h(t) = λ0(t) exp{ (β + θI(t ≤ τ))Z + 𝛾′𝑋} 
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(function 𝜆(∙) of equation (1) of (Liang, Self & 

Liu, 1990)) where 𝜆0(∙) is the underlying hazard 

rate, 𝑍 is a variable believed to be related, 

possibly with different magnitudes, to the 

survival time, 𝑋 is a vector of covariates whose 

effects do not vary in time and 𝜏 is a change point 

in time that belongs to the interval [𝑎, 𝑏] with 

known 𝑎 and 𝑏. They proposed a maximum 

score test statistic for the hypothesis game  

 

𝐻0: 𝜃 = 0 vs 𝐻1: 𝜃 ≠ 0, 
 

and applied their results to a data set from a 

longitudinal study of hypertension. 

 

Luo & Boyett (1997) studied the following 

model  

 

ℎ(𝑡) = 𝜆0(𝑡) exp{ 𝛽0𝐼(𝑋 ≤ 𝜃0) + 𝛼0
′ 𝑍}       (6) 

 

(function 𝜆(∙) of equation (1) of (Luo & 

Boyett, 1997)) where X is a one-dimensional 

covariate and Z is 𝑝-dimensional, in this model a 

constant is added after reaching a threshold. The 

parameters to be estimated are θ0, β0 and α0. 

They test consistency of partial maximum 

likelihood estimators. Finally, they applied the 

above method to a cohort of patients with lineage 

B leukemia treated at St. Jude Children's 

Research Hospital. 

 

Luo, Chen & Boyett (1996) also studied 

the model (6), presented asymptotic distributions 

for maximum likelihood estimators, and applied 

their results to simulated data and data of 

patients treated for newly diagnosed acute 

lymphoblastic leukemia. 

 

Pons (2003) introduced the model 

 
ℎ(𝑡) = 𝜆0(𝑡) exp{ 𝛼′𝑍1(𝑡) + 𝛽′𝑍2(𝑡)𝐼(𝑍3 ≤ 𝜁) + 𝛾′𝑍2(𝑡)𝐼(𝑍3 > 𝜁)}, 

 

(function 𝜆(∙) of equation (1.1) of (Pons, 2003)) 

where the influence of a covariate jumps in a 

certain limit ζ. In this case, the author showed 

that the estimator of the change point parameter 

is 𝑛-consistent, the estimators of the regression 

parameters are n1/2-consistent and established 

the asymptotic distributions of the estimators.  

 

He, Fang & Su (2012) studied the 

following change point model 

𝛽(𝑡) = {

𝛽1, 𝑠𝑖 0 ≤ 𝑡 ≤ 𝜏1,
𝛽2, 𝑠𝑖 𝜏1 < 𝑡 ≤ 𝜏2,

⋮
𝛽𝑘+1, 𝑠𝑖 𝜏𝑘 < 𝑡,

 

 

where 𝛽(∙) is the logarithmic function of the 

hazard ratio, 0 = τ0 < τ1 < ⋯ < τk < ∞ are 

the change points, 𝑘 is the number of change 

points in the model and 𝛽𝑗 is the value of the 

logarithm of the hazard ratio between the time 

points 𝜏𝑗−1 and 𝜏𝑗. They proposed maximizing 

the partial log likelihood function to obtain the 

estimators and a sequential test procedure to 

determine the number of change points in the 

logarithmic function of the hazard ratio. 

 

Dupuy (2006) studied the following 

hazard model with a change point: 

 

h(t |Z) = (α +  θI(t > τ))  

 

× exp{ (β + γI(t >  τ))
′

Z}                  (7) 

 

(function 𝜆(∙) of equation (3) of (Dupuy, 2006)) 

where α >  0, α +  θ >  0 and τ is an unknown 

change point in time; furthermore, β and γ are 

unknown regression coefficients. He also 

considered the following hazard function, which 

allows the covariates to be time dependent, 

which often appear in the survival analysis 

literature: 

 

ℎ(𝑡|𝑍) = (𝛼 + 𝜃𝐼(𝑡 > 𝜏)) 

 

×  𝑒𝑥𝑝{ (𝛽 + 𝛾𝐼(𝑡 > 𝜏))
′

𝑍(𝑡).             (8) 

 

It was obtained consistent estimators for the 

models (7) and (8). He showed that under some 

established conditions, the estimators converge 

in probability, this is tested by the modern 

empirical process theory. 

 

Later, Palmeros, Tajonar & Juárez (2011) 

developed the case of time-dependent covariates 

since (Dupuy, 2006) only mentions that should 

be considered to carry out the demonstrations in 

this case. 

 

Palmeros (2012) proposed the following 

combined parametric model: 

 
h(t|Z, X) = (α + θI(t > τ))λζ(λt)ζ−1 exp{ [β + γI(t > τ)]Z + ρ′X}, 
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where α > 0, α +  θ > 0, λ >  0, ζ > 0, τ is the 

change point parameter, β ∈ ℝ, γ ∈ ℝ − {0}  

and ρ ∈ ℝ𝑞 is the regression coefficient, 𝑍 is the 

covariate in charge of recording a treatment and 

𝑋 ∈ ℝ𝑞 is a vector of other risk factors 

associated with the event of interest. It was 

developed the estimation process and 

demonstrated the consistency of the proposed 

estimators. 

 

Gandy, Jensen & Lütkebohmert (2005) 

studied the following variant of the Cox model 

with a smooth change point at an unknown limit 
ℎ𝑖(𝑡, θ) = λ0(𝑡)𝑅𝑖(𝑡) exp{ β1

′ 𝑍1𝑖(𝑡) + β2𝑍2𝑖 + β3(𝑍2𝑖 − ξ)+}, 

(function λ𝑖(⋅) of (Gandy, Jensen & 

Lütkebohmert, 2005)) where θ = (ξ, β′)
′

 with 

𝛽 = (β1
′ , β2, β3)

′

∈ Β ⊂ ℝ𝑝+2 is the vector of 

the regression parameters and λ0(∙) is the 

baseline hazard function and 𝑅𝑖(∙) is a process 

that only takes values 1 or 0 indicating whether 

an individual is at risk or not. The change point 

is indicated by ξ, which is a parameter that 

belongs to a compact interval [ξ1, ξ2] of known 

parameters ξ1 and ξ2. It is assumed that the true 

value of the parameter, θ0 = (ξ0, β0
′ )

′

, where 

β0 = (β10
′ , β20, β30)

′

, is identifiable, with β30 ≠

0. In this model θ0 is estimated by the value θ̂𝑛 

that maximizes the logarithm of the partial 

likelihood. Finally, The authors showed that 

under some conditions there exists a 

neighborhood Θ0 of θ0 such that if θ̂𝑛 belongs to 

Θ0, it follows that θ̂𝑛 converges in probability to 

θ0 when 𝑛 ⟶ ∞. 

 

The model proposed by (Jensen & 

Lütkebohmert, 2008) is an additional extension 

of the one suggested in (Gandy, Jensen & 

Lütkebohmert, 2005). Now more than a single 

change point is allowed to be in the model, the 

covariates are time dependent, and the counting 

process can jump more than once. The model 

involves 𝑚  change points and 𝑝 ordinary 

covariates (without change points), and is given 

as follows 

ℎ𝑖(𝑡, θ) = λ0(𝑡)𝑅𝑖(𝑡) exp{ β1
′ 𝑍1𝑖(𝑡) + β2

′ 𝑍2𝑖(𝑡) + β3
′ (𝑍2𝑖(𝑡) − ξ)

+

}, 

(function λ𝑖(⋅) of equation (1) of (Jensen & 

Lütkebohmert, 2008)) where θ = (ξ′, β′)
′

 with 

ξ ∈ Ξ ⊂ ℝ𝑚 and β = (β1
′ , β2

′ , β3
′ )

′

∈ 𝐵 ⊂

ℝ𝑝+2𝑚. Here ξ and β are the vectors of change 

points and regression parameters, respectively,  

λ0(⋅) is the basal intensity and 𝑅𝑖(⋅) is a process 

that takes only the values 1 and 0 to indicate if 

the subject is at risk or not. For brevity, it is 

considered  

λ𝑖(𝑡, θ) = λ0(𝑡)𝑅𝑖(𝑡) exp{ β′𝑍̃𝑖 (𝑡; ξ)}, where 

𝑍̃𝑖 (𝑡; ξ) = (𝑍1𝑖
′ (𝑡), 𝑍2𝑖

′ (𝑡), ((𝑍2𝑖(𝑡) − ξ)
+

)
′

)
′

. 

It is assumed that the vector of change points 

belongs to a known rectangle Ξ ≔ [ξ11, ξ21] ×
[ξ12, ξ22] × … × [ξ1𝑚, ξ2𝑚]. The assumption that 

the values ξ11, ξ21, ξ12, ξ22, … , ξ1𝑚, ξ2𝑚 are 

known is not a big restriction in real applications. 

The fundamental parameter θ0 of this Cox-type 

model can be estimated with the value θ̂𝑛 that 

maximizes the logarithm of the partial 

likelihood. It was showed that the estimators of 

the regression parameters and of the change 

points are √𝑛-consistent, they demonstrated 

asymptotic normality and applied their model to 

three sets of data: actuarial, primary biliary 

cirrhosis (PBC) and electric motors. 

 

Conclusions 

 

The problem of the point of change has been 

studied in different types of models, in 

particular, in survival models. The first survival 

model with a change point that was studied was 

the one that has a constant hazard function in 

parts with a change point, in this case the log-

likelihood function is unbounded when the 

change point is close to the larger observed time, 

so different studies were carried out with 

alternatives to eliminate this problem and later 

the model with several change points was 

studied. Since in most cases constant hazard is 

not adequate, change points were also included 

in other types of hazars functions, among which 

are those corresponding to Cox-type regression 

models, by introducing change points in these 

models defined different hazard functions since 

the point of change can occur at an unknown 

time or depend on a covariate. Another 

alternative that has been studied is the 

continuous hazard function with a change point, 

since a sudden change is not very realistic for 

most applications.  
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As a result of all these studies, there is a 

variety of survival models with change points, in 

the majority, the estimation is based on the 

likelihood function, although recently other 

options have been explored and algorithms have 

been proposed that allow the identification of 

more than one change point.  
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